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There exist 13 mutually disjoint resolutions of the Steiner system S(5, 8, 24). 
There also exist nine nonisomorphic mutually disjoint resolutions of S(5,8, 24) 
where three of the resolutions have the same L,(23) as an automorphism group and 
the other six have the same afftne group C’& as an automorphism group. A resolu- 
tion of S(5,8,24) using a group of order 21 is displayed and a 13-dimensional 
Room-type design is mentioned. 
1. INTRODUCTION 
The Steiner system S(5, 8,24) is a system LY of 759 subsets of size 8 
(called octads) from a set X of size 24 such that each subset of size 5 from X 
is in a unique octad of 9. Adopting the usual notation (see Todd [7]) we let 
x=. {co, 0, l)...) 22) = GF(23) U {co}, where L%’ is then obtained by letting 
the linear fractional group L,(23) move the set (co, 1, 2, 3, 5, 14, 17). The 
S(5,8,24) is known to be unique and has the quintuply transitive group M,, 
as its automorphism group. 
If cc1 and o, are disjoint octads, then the complement of their union is an 
octad, say III.+. Three such octads are called a trio which we denote by T = 
[wl, w2, 0~1. Trios can be formed in several ways. Adding a fifth element to 
a tetrad (a set of four elements) determines an octad and hence another 
tetrad complementary to the intial one. Starting with a fixed tetrad one can 
then produce a set, called a sextet, consisting of six mutually disjoint tetrads. 
The union of any two tetrads in a sextet is an octad and combining the 
tetrads of a sextet in three pairs in all possible ways produces 15 trios. An 
involution of type 212 in i1424 determines a sextet in a unique way (see Todd 
[ 71) where the transpositions pair off to form tetrads. For example, the 
involution a, = (0, 14) (1,3) (2, co) (4, 13) (5, 17) (6, 19) (7, 11) (8,21) 
166 
0097.3165/80/050166-08%02.00/0 
Copyright E 1980 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
SOME RESOLUTIONS OF s(5,8, 24) 167 
(9, 15) (10,22) (12, 18) (16,20) determines the tetrads (0, 14,5, 171, 
ii, 3,2, 001, (4, 1339, 15}, (6, 19, 12, 18), {7,11,8,21}, and 
{lo, 22, 16,201. Clearly, any trios formed from the above sextet will be fixed 
by a,. Now through any octad there are exactly 15 trios and there are a 
total of 3795 trios in S(5,8,24). The group M,, is transitive on the set of all 
trios and the subgroup in M,, which stabilizes a trio has order 2”‘3’7. A 
resolution of S(S, 8,24) would be a set of 253 trios with each octad in 9 
occurring exactly once. Two resolutions are disjoint if they share no trios. 
We now list the 15 trios containing the octad w  = {co, 0, 1, 2, 3, 5, 14, 
17): 
T, = [w, (4, 9, 10, 13, 15, 16, 20, 22}, (6, 7, 8, 11, 12, 18, 19, 21)j, 
T,= [co, {4, 6, 9, 12, 13, 15, 18, 19}, (7, 8, 10, 11, 16, 20, 21, 2211, 
T, e [w, (4, 7, 8, 9, 11, 13, 15, 21j, {6, 10, 12, 16, 18, 19, 20, 2211, 
T4 = [o, (4, 6, 7, 8, 15, 18, 20, 22}, {9, 10, 11, 12, 13, 16, 19, 2111, 
T5 = [o, {4, 6, 7, 13, 16, 19, 21, 221, {S, 9, 10, 11, 12, 15, 18, 2011, 
T6= [ccl, 14, 6, 8, 9, 12, 16, 20, 211, (7, 10, 11, 13, 15, 18, 19, 2211, 
T, = [co, (4, 7, 9, 11, 16, 18, 19, 201, (6, 8, 10, 12, 13, 15, 21, 22}], 
T, = [co, {4, 7, 10, 12, 13, 18, 20, 21}, {6, 8, 9, 11, 15, 16, 19, 2211, 
Tg = 10, (4, 8, 11, 12, 13, 16, 18, 22}, (6, 7, 9, 10, 15, 19, 20, 2111, 
Tlo= [w, 14, 6, 7, 9, 10, 11, 12, 22}, (8, 13, 15, 16, 18, 19, 20, 2111, 
T1, = [co, {4, 6, 8; 10, 11, 13, 19, 20}, {7, 9, 12, 15, 16, 18, 21, 22}], 
Tlz= [w, (4, 6, 10, 11, 15, 16, 18, 21}, {7, 8, 9, 12, 13, 19, 20, 2211, 
T,, = [co, (4, 7, 8, 10, 12, 15, 16, 19}, {6, 9, 11, 13, 18, 20, 21, 2211, 
T14= [co, {4, 8, 9, 10, 18, 19, 21, 22}, {6, 7, 11, 12, 13, 15, 16, 2011, 
Tj5 = [co, (4, 11, 12, 15, 19, 20, 21, 22}, {6, 7, 8, 9, 10, 13, 16, 18}]. 
For group actions we generally employ the notation used by Wielandt [8]. 
Let g E M,, = G. If x E X, then Xg is the image of x under g. If S c X, then 
Sg = jsg: s E Sj. If H < G, then Hg = g-“Hg = { g-‘hg: h E F} is the con- 
jugate of H by g in G. The normalizer N(H) of H in G will be the largest 
subgroup of G in which H is normal. Finally, we let A(S) be the full 
automorphism group of the structure S and G, the automorphisms of S 
contained in G. 
We let CF denote the partial holamorph, of a cyclic group of prime order 
p, by a subgroup of order m of its automorphism group. For this paper we 
let A, where A z C::, be the particular affine group of order 23 V 11= 253 
generated by the two permutations a: x -+ JC i- 1 (mod 23) and /?: x -+ 2.x 
(mod 23) acting on X. The cycle types of elements in A are 23 . 1 and 
1 I 2 . 1 2. This implies that A cannot fix an octad in 9 so A w,ill have exactly 
three orbits, of length 253 each, in 9. We let L be the particular linear’frac- 




Now let A move the previous list of 15 trios and let Q = 
{G= [d, o;2, u&] ( g E A} be the orbit of trios containing Ti under the ac- 
tion of A. Easily ] Qi ( = 253 for i = l,..., 15. Further, any trio has an o&ad 
containing the point co and each of the 253 octads containing co will appear 
in 15 trios. Hence g= {Q,}::, represents a partitioning of all the 
15 . 253 = 3795 trios. We shall eventually show that some of the Q;s are 
resolutions. To obtain a more detailed analysis of g we examine the orbits 
of trios using the cyclic group C,, generated by (r: x--+x + 1 (mod 23). Let 
J?: X+ 2x (mod 23) and Ti+l= o”, i = 0 ,..., 10. Further let cuz = {4, 9, 10, 
13, 15, 16, 20, 22}, q = {6, 7, 8, 11, 12, 18, 19 21) and Y w2, 
r23+i=m3 9 @ i = 0, 2,..., 10. Then {ri}, i = l,..., 33 is thl set ok’%=orLt , . 
representatives of orbits of octads under C23 . The orbit of 23 trios obtained 
by hitting T, with elements of C,, can then be represented by the triple of or- 
bit indices (1, 12,23) and the set of 253 trios in Q, can be represented by the 
set of triples ((1 f i, 12 + i, 23 + i) ] i = O,..., 10). The orbits of 23 trios ob- 
tained from the 15 trios T,,..., T,, are then represented by the triples 
(1, 12, 23), (1, 32, 13), (1, 25, 15), (1, 18, 24), (1,229 24), (h26, 16), 
(1, 18,28), (1, 22, 31), (1,29, 13), (1, 14, 14), (1,28,32), (1, 33, 23), 
(1, 16, 18), (1, 13, 19), and (1,27,24), respectively. Define now an 11 X 15 
matrix M of triples whose first row contains (1, 12~23) 
(1,32, 13) . . (1,27,24) and whose remaining rows are obtained by applying 
successive powers of (1,2 ,..., 11) (12, 13 ,..., 22) (23 ,..., 33) to the triples in 
the first row, i.e., the first column would be the transpose of the vector 
[(l, 12,23) (2, 13, 24) ... (11,22,33)]. Now any permutation that sends g 
into itself must also preserve 9 and so must be an element of II~~~. Also all 
subgroups of order 23 are conjugate in M,, . The following is then clear: 
LEMMA 1. A resolution of S(5, 8,24) with an automorphism of order 23 
exists if and only if one can select one triple from each row of M so that each 
integer from the set { 1,2,..., 33) appears in one of the triples. 
2. THIRTEEN DISJOINT RESOLUTIONS 
THEOREM 2. There are two sets of 13 mutually disjoint resolutions of 
S(5, 8, 24). These two sets are each maximal, each of the two sets are preser- 
ved under the action of A, and the resolutions in each of the two sets are 
preserved by C,,. 
Proof: By Lemma 1 we obtain a resolution by selecting the 11 triples 
(1, 12,23), (2,28,25), (3, 13,26), (4, 31,24), (5,229 32), (6, 30, 20), 
(7, 19, 14), (8, 18,27), (9,29,21), (10, 16, 33), and (11, 15, 17) which come 
from the columns 1, 15, 5, 11, 7, 3, 14, 8, 2, 4, and 13, respectively. We ob- 
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tain 10 more mutually disjoint resolutions from this one by applying the 
powers of the permutation /3: x--+2x, i.e., by obtaining triples using powers 
of (1,2 ,..., 11) (12 ,..., 22) (23 ,..., 33). Two additional resolutions, disjoint 
from the above 11, are obtained by applying Lemma 1 to the triples in 
columns 6 and 9, i.e., trios in Q6 and Q,. Let sI be this set of 13 
resolutions. 
Again by Lemma 1 we obtain a resolution using the triples (1, 12,23), 
(2, 17, 19), (3, 13,26), (4,28, 18), (5,227 32), (6, 16, 25), (7, 33,30), 
(8,20, 15), (9, 29, 21), (10,24, 14), and (11, 27, 31) which come from 
columns 1, 13, 5, 3, 7, 8, 15, 14, 2, 6, and 11, respectively. As before we get 
11 mutually disjoint resolutions by applying powers of /?: x--f 2x and then 
Q4 and Q, give two more. Let gz be this set of 13 resolutions. 
Now neither .z%?~ nor sz uses the 506 trios in Q,, or Q12. We construct a 
graph whose vertices are the 23 trios in Q,, corresponding to the triple 
(1, 14, 14) and where an edge joins two vertices (trios) iff the two trios share 
an octad. The graph so obtained will be a single cycle of length 23. Being 
able to find a resolution using trios only from Q,, and Q,* would require 
coloring the vertices of our graph with two colors so that each edge is inci- 
dent with two vertices of different colors. This is clearly impossible and 
hence each of our two sets of 13 mutually disjoint resolutions is maximal. 
The preservation of the sets and resalutions by the indicated groupsis clear. 
We should note here that a complete (fairly short) computer search for 
resolutions corresponding to triples chosen from distinct rows and columns 
of M yielded only the two (under shifts of fl: x -+ 2x) solutions mentioned 
above. We did not examine whether these two solutions ZZr and gz were 
isomorphic. Other solutions, without the “distinct columns” restriction 
number in the hundreds. 
3. NINE NONISOMORPHIC MUTUALLY DISJOINT RESOLUTIONS 
THEOREM 3. There are nine mutually disjoint resolutions ofS(5, 8, 241, 
each with an automorphism group containing A. 
Proof. Apply Lemma 1 to the first nine columns of M to get nine 
mutually disjoint resolutions. Since each of the sets Qi is preserved by A and 
each Qi corresponds to a column of M our result follows. 
We should note that a complete search of the remaining six columns of M 
showed that there was no resolution (with just C,, as automorphism group) 
disjoint from the nine found in Theorem 2. 
LEMMA 4. There is one conjugacy class of C::‘s in L,(23) and one in 
M,,. A C:: is a maximal subgroup of both L,(23) and I&, and L,(23) is 
maximal in MZQ. Further, Ci: is sew-normalizing in L,(23) and M,,. 
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ProoJ: All Cz3’s are conjugate since p-Sylow groups are conjugate. In 
&(23), and J&, the element a: x --)x + 1 is normalized by the element 
p: x -+ 2x of order 11. That C$ is self-normalizing in M,, and hence also in 
L,(23) is a well-known fact probably dating back to Frobenius [5] or Curtis 
[3]. Further, normalizers of conjugate subgroups are themselves conjugate. It 
is also known, see Conway [2], that C:: is maximal in Mz3 and L,(23) is 
maximal in Mz4. A C[i is maximal in L,(23) since it is the stabilizer of a 
point in the doubly transitive representation on 24 points. Finally, Choi [I] 
has shown there is one class of L,(23)‘s in Mz4. 
LEMMA 5. Let Q be a set of trios where Cii is a subgroup of its 
automorphism group A(Q). Then 
(ii) is) Q ] = 3795, then A(Q) = Mz4 ; 
(iii) if ] Q 1 < 3795, then A(Q) z C$ or A(Q) r L,(23). 
ProoJ: Now Cii partitions the 759 octads into three orbits O,, O,, 0, 
each of size 253 where, after relabeling, 0, contains all octads passing 
through the fixed point of Cii. A trio in Q has one octad in 0, and, after 
relabeling, at least one octad in 0,. Hence there are either 506 or 759 dis- 
tinct octads among the trios of Q. Clearly A(Q) must send octads in a trio to 
octads in another trio. If there are 759 octads occurring, then obviously 
A(Q) < MT4 and if ( Q ( = 3795, then A(Q) = Mz4. If only 506 octads appear, 
then each octad in 0, appears twice as often as octads in 0,. Hence A(Q) 
must preserve 0, and hence A(Q) < M,, < Mz4. If ) Q 1 < 3795 and since 
Ci: <A(Q), then by Lemma 4 either A(Q) 2 Ci: or A(Q) z L,(23) or 
A(Q) E Mz3. But it is known that Mz3 is transitive on the 3795 trios (for ex- 
ample, see Curtis [3]) so A(Q) & Mz3 and our result follows. 
LEMMA 6. If H,, Hz < G =M2., where H, z Hz z L,(23) and 
H, n Hz z Cl:, then H, = H, (i.e., a C$ uniquely extends to an L,(23)). 
ProoJI: Let d be the collection (one orbit by Lemma 4) of subgroups 
isomorphic to L,(23) in G and let r be the collection (one orbit by Lemma 
4) of subgroups of type C:i of G. Now L,(23) is maximal in simple G so 
L,(23) is self-normalizing. Further, Ci: is self-normalizing in G. Hence 
I~I=IGI/)L,(23))=2.21.20.48and1TI=)G)/)C::I=24)/1I.Define 
a bipartite graph connecting P E r to L E A iff P < L. Since both r and A 
are orbits, then the graph is regular of degree A on A and regular of degree ,U 
on r. Now ;1= 24 since each L,(23) contains exactly 24 C::‘s. Counting 
edges yields L ]d ) =p jr], so p = 1 and our result follows. 
Now let cz,:x+(x+9)/(12x- l), a,:x-+5/x, q:x-+ (x+20)/ 
(14x- l), cX4: x-+ (x+ 14)/(22x- I), o/~: x -+ (x + 12)/(9x + 20), and a6 : 
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x J (x + 17)/(6x -I- 19). Each aj is of the form x--f (ax 4 b)/(cx + d) where 
(ad - bc) is a nonzero square in GF(23) and hence ai E L, i = l,..., 6. Recall 
that Qi is the orbit of the trio Tt under A, i= l,..., 15. 
LEMMA 7. The first three orbits of trios Q, , Q,, Q3 have L z L,(23) as 
full automorphism group and the remaining 12 orbits Q4,...,,Q,5 have 
A z C:i as full automorphism group. 
Proof. We have 1 Qjl = 253 where A <A(Qi), i= l,..., 15. Hence by 
Lemmas 5 and 6, A(QJ = A or A(Qt) = L for each i. Now both al and a, 
are in L and both fix the octad w. Further, either a1 or a3 will not fix Ti, 
i = 4,..., 15, so clearly A(QJ # L for i= 4,..., 15. Hence A(QJ = A for 
i = 4,..., 15. 
Now (a3, ad) is a group of order 24 in L which fixes T,, (a,, as) is a 
group of order 24 in L which fixes T2, and (a3, a6) is a group of order 24 in 
L which fixes T3. 
Since / L ) = 24 . 253 and A <L and L has a group of order 24 stabilizing 
the respective trio then Lemmas 4 and 5 force A(QJ = L for i = 1, 2,3. 
We should remark that (a3, a,) is a dihedral group D,, which centralizes 
the involution a, in L. The other two groups (a,, a,) and (a3, a,} are 
isomorphic to the symmetric group S, (the normalizer of a V, z 2, x Z, in 
L). 
LEMMA 8. The 15 orbits of trios Q,,..., Q15 are pairwise nonisomorphic. 
Proof. Let Qi - Qj denote isomorphism between Qi and Qj where 
Qi - Qj iff there is a permutation g such that Qf = Qjs Clearly Q, - Q,i 
implies A(QJ z A(Qj) w  h ere by Lemma 7 ,4(Qi) = A(QJ = N. From the 
arguments for Lemma 5 (i) there is a g E MZ4 = G such that Qf = Q,i. By 
standard arguments then 
H = G, = G,*;, = (GgJg = Hg. 
But then g normalizes W, whereas both Ci: and L,{23) are self-normalizing 
in G. Hence g E H and Qi = Qf = Qj, contrary to i +j. 
From our Lemmas and discussion the following theorem is clear: 
THEOREM 9. There exist nine pair-wise nonisomorphic mutually disjoint 
resolutions of S(5,8,24). One resolution has L E L,(23) as an 
automorphism group where the trio stabilizer is a dihedral II,,; two resolu- 
tions have L z L,(23) as automorphism groups where the trio stabilizers are 
isomorphic to the symmetric group S, ; and the remaining six resalutions 
have automorphism group A E C:: . 
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Note that Todd [7, p. 218 ] mentions that the geometrical interpretation o 
L,(23) “appears to correspond to an arrangement of the 759 octads in 25: 
disjoint trios.” 
LEMMA 10. There is a resolution of S(5, 8,24) with an automorphism oj 
order 21. 
ProoJ We use the permutation 6 = (0, 1, co) (2, 6, 16, 9, 10, 8, 21, 11, 
7, 15, 3, 20, 13, 17, 5, 22, 4, 12, 19, 14, 18) and apply it to the following 13 
trios : 
u, = [{0, 1,2,3,4,7, 10, 12}, {5,9, 13, 16, 18, 19,22, co}, 
{6,8, 11, 14, 15, 17,20,21}], 
u2= [{0, 1,2,3,5, 14, 17, co}, (4, 7,8,9, 11, 13, 15,21}, 
(6, 10, 12, 16, 18, 19,20,22}], 
ug = [{O, 1,2,3,6,9, 11,22}, (4, 7,8, 10, 12, 15, 16, 19}, 
(5, 13, 14, 17, 18,20,21, co}], 
uq = [{0, 1,2,3,8, 15, 16, 19}, (4, 7, 10, 12, 13, 18,20,21}, 
{5,6,9, 11,14, 17,229 a)], 
us= [{0, 1,2,3, 13, 18,20,21}, {4,5, 7,9, 14, 15, 19,22}, 
{6,8, 10, 11, 12, 16, 17, co}], 
us = [{0, 1,2,4,5,9, 18, 19}, {3, 6, 10, 11, 15,20,22, co}, 
{7,8, 12, 13, 14, 16, 17,21}], 
u, = [{0, 1,2,4,6,8, 14,20}, {3,7,9, 11, 19,21,22, co}, 
15, 10, 12, 13, 15, 16, 17, 18}], 
us = [{0, 1,2,5,7, 11, 16,20}, {3,6,8,9, 12, 18,22, co}, 
{4, 10, 13, 14, 15, 17, 19,21}], 
ug= [{0, 1,2,6, 10, 16, 17, 181, {3, 4,5,7,8, 12,21,22j, 
{9, 11, 13, 14, 15, 19,20, co}], 
u 1,, = [ {0, 2, 3,4, 5, 15,20,22}, { 1, 6, 7, 10, 12, 13, 17, 19}, 
{8,9, 11, 14, 16, 18,21, co}], 
24 11 = [{0,2,3,5,9, 10, 13, 16}, {1,4,6, 7, 12, 14, 15,21}, 
{8, 11, 17, 18, 19,20,22, co}], 
u 12 = [{0,2, 3, 5, 11, 12, 19,21}, {l, 7, 8, 9, 14, 15, 16,20}, 
(4, 6, 10, 13, 17, 18,22, co}], 
u 13 = [{0,2,9, 13, 15, 19,21,22}, {l, 3,4,6, 10, 11, 14, 17}, 
(5, 7,8, 12, 16, 18,20, a}]. 
Note that the last trio is fixed by 6. Also in place of u,, we can substitute 
u’lo = [{0, 2, 3, 4, 5, 15, 20, 22}, (1, 6, 8, 10, 14, 16, 19, 21}, {7, 9, 11, 12, 
13, 17, 18, co)] and for uI1 we can substitute the trio u;,= [{0, 2, 3, 5, 9, 
10, 13, 16}, (1, 6, 11, 12, 15, 17, 18, 221, {4, 7, 8, 14, 19, 20, 21, co}]. 
LEMMA 11. Ifp is a prime dividing the order of the automorphism group 
of a resolution of S(5, 8, 24), then p 1 ) iWz4 ( and p # 5. 
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Proof. An automorphism of order p of a resolution must be an 
automorphism of S(5, 8,24) so p ] ( MZ4 1. An element in MZ4 of order 5 has 
cycle structure 1454 where each of the four triads chosen from the four points 
that are fixed form an octad with one of the five points in a five cycle. Since 
253 = 3 (mod 5) any resolution fixed by an element of order 5 must fix at 
least three trios-an obvious impossibility for the possible elements in M,, 
of order 5 or note that 5 does not divide the order 2” . 3’ 7 of the trio 
stabilizer in M,,. 
The following theorem is now obvious: 
THEOREM 12. For each p # 5 dividing the order of M,, there is a resolu- 
tion of S(5, 8,24) with an automorphism of order p. 
As a final observation one can use any two of our disjoint resolutions to 
define rows and columns, respectively, in a design having Room-square 
properties (see Rosa IS]). The design will be of size 253 by 253 where (i) 
each cell of the array is empty or contains an octad from S(5,8,24), (ii) 
each octad from S(5,8,24) appears once in the array, and (iii) each row and 
each column contains each of the 24 elements from X= {co, 0, l,..., 22}. In 
fact, using the 13 disjoint resolutions we obtain a 13-dimensional cubical 
array with side length 253 where (i) each cell is empty or contains an octad 
from s(5,8,24), (ii) each element of X occurs in exactly one cell of each 12 
dimensional cubical hyperarray, and (iii) each octad of S(5,8,24) appears 
once in the array. 
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